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Abst ract - -Suppose  C is a nonempty closed convex subset of a real uniformly convex Banach 
space X with P is a nonexpansive r traction of X onto C. Let T : C --* X be an asymptotically 
nonexpansive in the intermediate s nse nonself-mapping. In this paper, we introduced the three-step 
iterative sequence for such map with errors. Moreover, we prove that, if T is completely continuous, 
then the three-step iterative sequences converges trongly to a fixed point of T. (~) 2006 Elsevier 
Ltd. All rights reserved. 
Keywords - -Asymptot ica l ly  nonexpansive in the intermediate sense mappings, Asymptotically 
nonexpansive in the intermediate s nse nonself-mappings, Completely continuous, Uniformly convex. 
1. INTRODUCTION 
Let C be  a subset  of real  normed l inear space X ,  and  let T be  a se l f -mapp ing  on C. T is said 
to be nonexpansive prov ided I I Tx -  Tyll < IIx -Y l l  for all x, y E C;  T is cal led asymptotically 
nonexpansive if there  exists a sequence {kn} of real  numbers  w i th  limn--.oo k~ = 1 such that  for 
each x ,y  E C and n :> 1, 
IITnx - T~yll <_ kn IIx - YlI . 
T is cal led asymptotically nonexpansive in the intermediate sense [2] p rov ided  T is un i formly  
cont inuous  and  
l imsup sup ( l lT~x - T~yl[ - IIz - yn) <- O. (1.1) 
n--~oo x,yEC 
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From the above definitions, it follows that asymptotically nonexpansive mapping must be asymp- 
totically nonexpansive mapping in the intermediate sense. 
The concept of asymptotically nonexpansiveness was introduced by Goebel and Kirk [2] in 1992. 
In 2001, Noor [3,4] have introduced the three-step iterative sequences and he studied the approx- 
imate solutions of variational inclusions (inequalities) in Hilbert spaces. The three-step iterative 
approximation problems were studied extensively by Noor [3,4], Glowinski and LeTallec [5], 
Haubruge et al. [6]. 
In 2002, Xu and Noor [7] introduced the three-step iterative for asymptotically nonexpansive 
mappings and they proved the following strong convergence theorem in Banach spaces. 
THEOREM XN. (See [7, p. 449].) Let X be a real uniformly convex Banach space, C be a 
nonempty  closed, bounded convex subset of X .  Let T be a completely continuous asymptotical ly 
nonexpansive self-mapping with sequence {kn} satisfying kn >_ 1 and 
oo 
~(k~ - 1) < oo. 
Let {c~n}, {fl,~}, and {'Yn} be real sequences in [0, 1] satisfying; 
(i) 0 < liminfn--.oo an G limsupn__.o o an < 1; 
(ii) 0 < lim inf~__.~ fin < lim sup,~o f,~ < 1. 
For a given xo • C, define 
Zn = "ynTnxn + (1 - "Yn) xn, 
Yn = f lnTnzn + (1 - fin) Xn, (1.2) 
Xn+l = a~Tnyn + (1 - an) xn. 
Then, {xn}, {y~}, and {zn} converges trongly to a fixed point o fT .  
Recently, Cho, Zhou and Guo [8] introduced and studied a three step scheme to approximate 
fixed points of asymptotically nonexpansive mappings as follows. 
THEOREM CZG. (See [8, p. 716].) Let X be a real uniformly convex Banach space, C be a 
nonempty closed convex subset of X .  Let T : C --* C be a completely continuous and asymp- 
totically nonexpansive mapping with the nonempty fixed-point set F (T )  and a sequence {k,~} of 
positive real numbers be such that k~ > 1 and 
oo 
~(k~ - 1) < oc. 
n----1 
Let xl  E C, the sequence {xn} defined by 
zn = (1 - % - ~n) xn + "ynT~xn + ~u~,  n >_ 1, 
Yn = (1 - fin - #n) Zn + fnTnzn  + t~nVn, n > 1, (1.3) 
xn+l = (1 -- c~n -- An) Xn + an T~ yn + An wn , n > 1, 
where {Un}, {v,~}, {w,,} are bounded sequences in C and {a,},  {fin}, {7~}, {An}, {#n}, and {y~} 
are real sequences in [0, 1] with the following restrictions, 
(i) O<a<an Kb<l ;  
(ii) limsupn_~ knfln < 1; 
(iii) oo 0o ~o Zn=l  /'In Zn=l  An "~ 00, En=l  t ~n "( 00, and  < oo. 
Then, the sequence {xn} converges trongly to a fixed point p o fT .  
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A subset C of X is called retract of X if there exists a continuous mapping P : X --+ C such 
that Px = x for all x C C. Every closed convex subset of a uniformly convex Banach space is a 
retract. A mapping P : X --+ C is called retraction if p2 = p.  It  follows that if a mapping P is 
a traction, then Py = y for all y in the range of P. 
ALGORITHM 1.1. THREE-STEP ITERATIVE SCHEME FOR NONSELF MAPS WITH ERRORS. Let 
C be a nonempty subset of normed space X. Let P : X -+ C be the nonexpansive retraction 
of X onto C and a mapping T : C --+ X. For a given x0 E C, compute the iteration sequences 
{x,~}, {Yn}, and {zn} defined by 
Z n ~ P 
i/ /I u '~ 
(c~"T (PT) ,*-1 xn + 13,~xn + 7,, n) , 
= ( 'x ' v ) ,  (1.4) yn P a 'T  (PT)  ,*-~ z~ +/~= ~ + "r~ 
Xn+l  ~ P I'~oLnT (PT)n_ ly  n + /~nXn -l- ~lrtWn) , \ 
where {a,~}, {c~'}, {c~g}, {t3n}, {/~'~}, {t5~}, {3'n}, {3"}, and {q/n'} are appropriate real sequences 
in [0, 1] and {un}, {v~}, and {w,~} are three bounded sequences in C. 
II I! I! ALGORITHM 1.2. If c~ = "y~ -- 0 and /3~ = 1, then iteration (1.4) reduces to the modified 
Ishikawa iterative scheme for nonself maps with errors, 
( ,  ~-z  'x ) yn = P a,,T (PT) Xn + ~n n + ~[IVn , 
(1.5) 
x~+l= P(a,~T(PT)~- ly ,~ +13,~x,~ +%wn) ,  
where {a,*}, {a '} ,  {~},  {t5"}, {'y~}, and {~/} are appropriate real sequences in [0, 1] and {u,*}, 
{v~}, and {w,~} are three bounded sequences in C. 
II II I I II I ALGORITHM 1.3. If c~,* = % = a,* = % --_-- 0 and/3~ =/~ -- I, then iteration (1.4) reduces to 
the modified Mann iterative scheme for nonself maps  with errors 
x~+l = P (aNT (PT)~- lx~ + t3~x,* + %w~),  (1.6) 
where {am}, {~n}, and {'y~} are appropriate real sequences in [0, 1] and {w,*} is a bounded 
sequence in C. 
It is clear that the modified Mann and Ishikawa iterations processes are all special case of the 
three step iterative scheme for nonself maps with errors (1.4). 
In this paper, we will extend the iterations process (1.3) to the three step iterative scheme for 
nonself maps with errors (1.4) for asymptotically nonexpansive in the intermediate sense nonself 
maps and without the condition 
Go 
E(kn  - 1) < Go. 
n=Z 
The results presented in this paper generalize and extend the corresponding main results of Cho, 
Zhou and Guo [81 and Xu and Noor [71. 
2. PREL IMINARIES  
For the sake of convenience, we first recall some definitions and conclusions. 
DEFINITION 9,. 1. (See [2].) A Banach space X is said to be uniformly convex if the modulus of 
convexity of X, 
5x (e) = inf {1 - [[x +2 y[[ : ]Ix[[ = []y[[ = 1, [ [x -  y[[ = e} > 0, 
for all 0 < e <_ 2 (i.e., ~x(e) is a function (0, 2] ~ (0, 1)). 
1096 S. PLUBTIENG AND R. WANGKEEREE 
LEMMA 2.2. (See [9].) Let the nonnegative number sequences {an}, {b,~}, and {d,~} satisfy that 
an+l <_ (i + bn)an + dn, Vn=l ,2 , . . . ,  ~bn<o~, -~d~<~. 
n=l  n=l  
Then, 
(I) lim~_~ a~ exists; 
(2) If liminf~_~ aN : 0, then lim~-~oo an: O. 
LEMMA 2.3. (See [10].) Let X be a real uniformly convex Banach space, 
O < a <_ t,~ <_ fl < 1, xn, y,~ E X, 
and 
Then, 
limsup Nxnll < a, 
n ----~ oo  
l imsup Ily~ll ~ a,  
n - -+ oo  
lim [It~Xn + (1  - t~)y~tl = a, a >_ O. 
n ----~ oo  
lira [ [xn  - y.I I  = 0. 
n- - *  oo  
3. MAIN  RESULTS 
In this section, we  give new definition and  prove our ma in  theorems.  
DEFINITION 3.1. Let C be a nonempty subset of a Banach space X.  A mapping T : C ---* X is 
said to be asymptotically nonexpansive in the intermediate sense nonself-mapping provided T is 
uniformly continuous and 
limsup sup ( T (PT)n - lx -  T (pT)n - ly  - I l x -  y[I) <- O, 
n---*o~ x,yEC 
(3.1) 
where P is a nonexpansive r traction of X onto C. 
REMARK 3.2. If T is a self-map, then PT  = T, so that (3.1) coincide with (1.1) and the three 
step iterative scheme for nonself-maps with errors (1.4) coincide with the three step iterative with 
errors (1.3). 
The following lemma is crucial in proving the main theorem. 
LEMMA 3.3. Let X be a real uniformly convex Banach space, C a nonempty dosed convex subset 
of X.  Let T be an asymptotically nonexpansive in the intermediate sense nonself mapping with 
the nonempty fixed points set F(T). Put 
Unto  sup (T (PT)~- lx -T (PT)~- ly  -,x-y0v0, 
m,y6C 
Vn_>l,  
so that ~°°=1 C~ < oo. Let the sequence {x,~} be defined by (1.4) with the following restrictions. 
I] I /  l] (i) ~,, +P, ,  +'Yn = ~n 
( i i)  ~ oo , ~ , ,  
Then, for each x* C F(T), lim~--.o~ Hx,~ - x*l[ exists. 
PROOF. 
K = sup I lu. - pll v sup Ilvn - pll v sup IIw. - Pll- 
n_>l n_>l ._>1 
For each n >_ 1, we note that  
IlXn+l -x*ll = P (a.T(PT)"-ly,~ +~nXn +%W~) -- P(x*) 
<_c~. T (PT)" - ly . -x  * +flr~]lX,~--X*]]+%l]W.--X*l[ 
=a .  T (PT) '~- ly . -T (PT)" - lx  * +f ln l lx . -x* l l+ 7,~llWn- X*ll 
< ~.  Ily. - ~*11 + a .  + Z.  IIz~ - ~*11 + 7.  IIw. - ~*11 
and 
and 
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Let x* E F (T ) ,  since {u.} ,  {vn}, and {wn} are bounded sequences in C, so we put  
I l y . -~* l l  = P [atT (PT)n-l zn "]" ~ 'Xn  -1- " [ 'Vn)  - -  
/ k 
X* 
_< ~" Ilzn - x*ll + an  + Z '  IIx. - x*ll + 7 '  IIv. - ~*11 
(3.2) 
(3.3) 
IIz. - x*ll = II < ~;~ I Ix . -  x*ll + a .  +~"  I I x . -  x*ll + < II~. - x*ll. (3.4) 
Substituting (3.4) into (3.3), we have 
I II I l! [ II 
I ly- - x*ll -< a .a .  [Ix. - x*ll + a'~Gn + a.fl,~ I[x. - x*ll + a~7 . I lu. - x*ll 
+ a .  + fl" IIx. - x*ll + 7" Ilvn - z*]l 
< (1 -3"  -7" )~;~ IIx. -x* l l  +3"  IIx. -x* l l  
+ (1 - fl" - 7") 3"  IIz. - ~*ll + m.  
(3.5) 
_ 3 '  Ilxn - x*][ + (1 - f l , )  cr'.~ Ilx. - x*][ + (1 - f i ' )  3~ Ilx- - x*[I + rn .  
= 3,  IIz. - x*ll + (1 - 3 , )  (a"  + fl;~)Ilxn - z*ll + m.  
< fl ,  I lx.  - x*ll + (1 - 3" ) I i x .  - x*[I + m.  
= IIz. - z* l l  +m. ,  
l V X*  I I  I~  whe,'e m. = 2a.  + 7.11 - - il +'Yn n -- X* II" Substituting (3.5) into (3.2) again, we h~ve 
llxn+~ - x*ll -< ~n (llx- - x*ll + "~.) + a .  + ~.  llx. - x*ll + "Yn llw~ - x*ll 
-< (~- + ~)  II~- - x* II + ~.m~ + G. + 7n Ilw. - x* II 
_< IIx~ -~*11 +ms -} -an  -~ '~n IIw,, -x* l l  
< IIx. - x*ll + 3an + (7.  + 7" + 7:2) M 
= IIx~ -x* l l  +b., 
! I! OO where b .  = 3G~+(7 .+Ta+7, JM.  Since }--~,~=~ b.  < oc, by Lemma 2.2, we have l imn-~ IIx,~-x* II 
exists. This  completes the proof. | 
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LEMMA 3.4. Let X be a real uni[ormly convex Banach space, C a nonempty closed convex subset 
of X .  Let T be an asymptotica]ly nonexpansive in the intermediate sense nonsel f  mapping with 
the nonempty fi×ed points set F(T).  Put 
/ 
Gn T ( PT)  n-1 = sup 
x,yEC \ 
Let the sequence {xn} be defined by 
' +Z '+v"  (i) Ogn ÷ /~rz ÷ "yn : OL n 
(pT)  n-1 k x - T y - IIx - yli ) v O, 
(1.4) with the following restrictions. 
II II II = oe,~ + t3,~ + 7n = 1. 
Vn_>l .  
( i i )  oo oo , oo ,, En=l"r,~ < ~,  ~,~=1% < °°, ~,,=l"r,~ < oo. 
(iii) 0 < c~ < c~,~, f in , _  a,~', j3" < 13 < 1 . _  Then, 
(a) lim~__,~ IBT(PT)n-ly~ - x~il = O; 
(b) limn--,oo HT(PT)n- lzn - xni] = 0. 
PROOF OF (a). For any x* 6 F(T) ,  it follows from Lemma 3.4, we have limn-~oo t ixn-x* l ]  exists. 
Let limn--,oo ]lxn - x* ]] = a for some a _> 0. From (3.5), we have 
]]yn - x*H < i l x~-  x*ll + m~, Vn >_ l. 
Taking l im sup,~__+oo in both sides, we obta in  
l imsup l lyn -x* [ I  <_ l imsup l lxn -x* l l  = l im I lx ,~-x*l l  =a .  (a.6) 
n--+oo n---+oo n---+oo 
It  follows that  
l imsup T (PT)  n -1  yT~ - x* < l imsup (IlY,~ - x*lt + Gn)  = l imsup IlY,~ - x*ll -< a, 
n--+oo n ---+ c(3 n--+oo 
and 
I lXn+l  - -X* l ]  ~ °enT(PV)  n - lyn  ÷znxn ÷ 'ynWn- -X*  
= een [(T(pT)n-lyn__X,)+2C~n~/n (Wn--X*)Jq-/3n [(Xn--X*)+-~n~/n (W n_x . ) ]  
T x* 7n 7n ~0~ n (PT)n - ly  n - +~l lxn -x* l ]+-~-~l lWn-X* l l+~a llw,~-x*l[ 
< ~n IIYn -- x*ll + ~,~G,~ + ~n Itx. - x*ll + ~ Ilwn - x*ll + ~ I lwn  - -  x*ll 
7n 7n x* <_ an IIXn - X*l} + anmn + Zn llXn - X*ll + -~n llWn - X*l] + ~a Ilwn - II 
")'n 3'4 
-< (~. +Z. ) I f~  -~*l l  + ~.~ + ~ I I~ -z* l l  + ~ liw~ -**11. 
Since 0 = lim,~-,o~ anmn = lim~--,oo 2@71dw,~ - x* H = lim~--,oo - -~ w =; . II ,~ - x* II and l im~_o~ []x,~ -
x*]l = a. Hence, 
= 2ira T (PTF  -1 y~ - ~* + ~ (w~ (x~ ~ (~n • 
It  follows from Lemma 2.3 that  
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Since l im,~_~ JJ(2@~ - 2~) (  w,~ - x*)Jj = 0, we obta in  that  
l im T(PT) n-1Yn - Xn = O. 
n -- '* cx~ 
This completes the proof  of (a). 
PROOF OF (b).  For each n >_ 1, 
IIx,~-x*ll<_ x ,~-T(PT)n- lyn + T (PT)n - Iyn -x  * 
< x,~-T(PT)'*- lyn +JJyn-X*H-FGn. 
Since limn--.o~ ]lx~ - T(PT)n-ly,~ H = 0 = limn--+o~ G=, we obta in  that  
a= l im ] ]x=-x* ] l  < l im in fHy ,~-x* ] l .  
n ---*¢x3 n - - - *oo  
It follows by (3.6), 
This impl ies that  
a _< l im in f  IlY~ - m*ll ~< l imsup IlYn -- x*ll ~< a.  
t l - - -* OC n- - -+ OO 
l im ][Yn - x* [[ ---- a. 
n ---~ (x )  
On the other  hand, we note that  
I I  I I  - -  X*  [Izn -x* l l  < a"T(PT)n- lxn +/3nXn +7nUn 
I I  I I  I t  
< ~n IIx,~ - z*ll + a,~ + ~,, Ilxn - x*ll + 7n Ilun - x*ll 
_< l lz~ - z*l i  + a,~ + 7;" ll~n - x* l l .  
By boundedness  of {un} and l imn_~ Gn = 0 = hmn--.c¢' 7n," we have 
lira sup IIz,, - x*ll <__ l im sup J lx,~ - x*ll = a, 
n- - -~oo n - - *  o(3 
SO 
l imsup T(PT) r~-I z,~ - x* < l imsup (llzn - x*ll + a,,) ___ a 
n-- -~ oo  n - -+oo 
and 
IlYn - plJ < a'T(PT)'~-lz,,+~'Xn + 7nw,~' -x*  
= T (PT)n - lZn-X*+2a, (v~-x* )  v+Z'~ (Xn--X*)+'~(Vn--X*)  
' T (PT)n-1 2a'.7'---~'~ "/;~ < a,, z,~ - x* + Ilvn - m*ll + ~" Ilxn -- x*ll + ~.  Ilvn -- x*ll 
, , 7"  , 7"  x * 
' ' ' " x* a 'nan 7" <_an l lXn-X* l l+a ,~G,~+anT~J lu ,~-  I1+ + 2--~ IlVn -- X*II 
7'n + ~ IIx'~ --X*II + ~ liVn --X*II 
, . 7'n = (Wn + ~')I Ix~ -- x*[I + 2Wan + ~,~Tn Ilu,. -- x*lt + ~ Ilvn -- x'l/ 
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l im I ly . -x* l l  =a= l im I I~n-x*l l  
i'i ---+00 n---+oo 
r t , x* "Y~n ~'z 0 l im c%G~ lira - = l im ~-!~-z I I v~-x* l l ,  = : an'TnllUn ]l l ira - - [ I vn  - x*l l  = 
. . . . . . . . .  2(R¢~ n---~oo 2/~ n 
we get that  
T (PT) ~-~ zn + ~ ~ 0'~ - ~*) = ~- 
By Lemma 2.3, we have 
T (¢ nli~<>o (PT)  " -~ zn - x,~ + <2<~" ¢ ~ (vn-~*)  =o .  2#- ) (3.s)  
# # 
Since limn--.oo II( ~ ~ >( 2~'< . v~ - x*)[[ = 0, it follows that  
nlirn T (PT)n - l zn -xn  : O. 
This completes the proof  of (b). 1 
THEOREM 3.5. Let X be a real uniformly convex Banach space, C a nonempty closed convex 
subset of X.  Let T be an asymptotically nonexpansive in the intermediate s nse nonself mapping 
with nonempty fixed point set F(T). Put 
= sup ( T (PT) ~-1 x - T (PT)  n-1 y - [Ix - yll] v 0, vn  > Gn 1. 
x ,yEC k / 
Let the sequence {x~,} be defined by (1.4) with the following restrictions 
]1 II If ' + #'. +-y" = ~.  + #,~ +7.  = l; (i) ~ .  + #,, + 7,~ = ~,,  
( i i )  oo  oo  , oo ,, 
En=l  ~r  ~ < O0,~_~n=l  ~ n < OO, En=l '~n < OO; 
(iii) O<a<a,~, f ln , _  an ' , f l~_<f l< l .  
Then {xn} converges strongly to a fixed point of T. 
PROOF. It  follows from Lemma 3.4, that  
lira T(PT)  ~- lyn -x~ =0= lirn T(PT)  n - l z~-xn  
and this impl ies that ,  
I l x , ,+ l -x~l l<an T(PT)n -Xy~-x~ +v~l lw~-x~$1-~0,  asn-~.  
Thus, 
NT(PT)n-~.-~]I < T(PT)~- lx~-T(PT) '~- ly~ + T(PT)~- ly ,~-x ,~ 
< [Ixn-ynll ÷Gn+ T(PT)n - lyn -Xn  
(3.9) 
I Xn T (PT)~- l zn  +G,~+~,~l lv , ,  xn[[ 
+ T(PT) '~- ly~-xn  --~0, asn-~oo.  
Strong Convergence Theorems 1101 
Since 
II n - 5_ Ilx +l - xn[t + I]Xn+l - T (PT) n :Zn+ 111 
+ HT(PT)~x,,+~ -T (PT)~x, , [ [  + [ [T(PT) 'x~ -Tx,~[[, 
and by uniform continuity of T and (3.9), we have 
lim [[x~ - Tx,~l[ = 0. (3.10) 
n---+oo 
By Lemma a.a, {x=} is a bounded. It follows by our assumption that T is completely continuous, 
there exists a subsequence {Txnk} of {Txn} such that Tx,~ k ---+ x* E C as k ---+ oo. Moreover, by 
X*  (3.10), we have ][Txnk -- xnk i[ --+ 0 which implies that x~k --+ as k --+ oo. By (3.10) again, we 
have 
fix* -Tx*][ = lim Ilx~ -Txn~][ = O. 
k---+oo 
It show that x* E F(T). Furthermore, since lim~_+~ Ilxn -x*H exists. Therefore, 
lim I[x~ - x*[[ = 0, 
r~ --+oo 
that is, {x~} converges to a fixed point of T. This completes the proof. I 
COROLLARY 3.6. Let X be a real uniformly convex Banach space, C a nonempty dosed convex 
subset of X.  Let T be an asymptotically nonexpansive in the intermediate s nse nonself mapping 
with nonempty fixed point set F(T). Put 
Gn= sup ( T(PT)~- lx -T (PT)~- ly  - I l x -y l l )  v0 ,  Vn>l .  
x,yEC 
Let the sequence {Yn} and {zn} be defined by (1.4) with the following restrictions 
' " "+ " 1; =a,~ +3n % 
( i i )  ~ ~ ' ~ " ~=1% < cc ,~=1% < o0 ,~=1% < c~; 
(iii) 0 < a _< a~,fl~, an, ~ '  ' _< /3 < 1. Then, {y~} and {z,~} converges trongly to a fixed point 
ofT.  
PROOF. By Theorem 3.5, we have the sequence {Xn} converges to x* E F(T) ,  so that it is also 
bounded sequence. Thus, by Lemma 3.4(b) and 3.9, we obtain that 
[lyn-x~[I <_a~ T(PT)n - l z~-x~ +~[[v~-x~[[ -~0,  
and 
" T (PT) '~- lxn -x~ +~l lun  x~]] 0. Itz  - x ll _< an  - 
Therefore, l im~oo y~ = x* = lim~-.oo z,~. This completes the proof. 
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